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Summary

We present results of DNS of turbulent fluid dynamics coupled with machine learning techniques to derive new equations for the evolution of transport in
turbulent flows. We examine Rayleigh-Bénard convective turbulence with the aim to learn the statistics of unresolved scales for turbulent
parameterization. Following the approach of Garaud et al. 2010 [1] in order to perform a comparison to their result, we seek a closure model for the
transport of entropy and momentum intended for application to rotating stellar convective regions. We use the Dedalus framework [2,3] for spectrally
solving differential equations to generate an extended time-series of two-dimensional DNS data at Rayleigh numbers of 10°, 108 and 101°. We then use
the data-driven Sparse Identification of Nonlinear Dynamics (SINDy) machine-learning algorithm [4] to discover the form of the governing equations
paying particular attention to capturing any difference between the bulk and boundary layers. In future work, we will consider different approaches to the
machine-learning question (e.g. SPIDER and Bayesian methods) and seek to confirm the turbulence closure coefficients of Garaud et al. 2010 as well
as consider differences in the coefficients relating to different regions of the flow.

Physical Model & Governing Equations

2D horizontally-periodic Rayleigh-Bénard convection.
Non-dimensionalised using the box height and freefall time.

Rayleigh numbers, R = 10°, 108 & 10%°. Prandtl number, P = 1.
Stress-free boundary condition M V= —vor0:+ /v
at top z = 0 and bottom z = 1. af’ef

Boussinesq approximation. 5t Ve=—_v'e (2)
Temperature 6(z=0)=1, 6(z=1)=0. Veu—0 (3)
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Numerical technique

Dedalus v3 flexible framework for solving PDESs using spectral methods [2].
Open-source, widely-used, well supported [3].

1024 real space Fourier points (N,) in the x direction, L, = 4.

384 real space Chebyshev points (N,) in the z direction, L, = 1.

RK443 - 3"-order, 4-stage DIRK+ERK timestepping scheme [5].
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O Snapshot at t=48.5 of resolved 2D convection, Ra = 1010,

Theoretical model

d Garaud et al. [1] retained exact forms of the left-hand sides, developing
equations for the triple correlation terms and proposed simple closures for
the right-hand sides by splitting mean and fluctuating parts u, = u, + u,” with

u.’ = 0, of the form:
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where R; = u;’u/’, F;= ©uand Q = ©~,
d Assuming variation only with z, they obtain a set of coefficients for 3D

Rayleigh-Bénard convection as follows:
Ci=04, (Cyz=006, C,=2X£02.

=124+1, Ce=14+0.1,
=6+£05 C;=14+0.1.
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SINDy

 Discovering governing equations from data by Sparse Identification of
Nonlinear Dynamical (SINDy) systems [4]

 Figure 1 from Brunton et al. [4] gives a demonstrative overview:-
§1828 —|

= " = : aqr - 2 2 ] s 1 :

T 1l =z vy z z5ayxz z ' 1 ' 2"
I. True Lorenz System r Y z - Y yizy - xi_ xi_ -
0]
0]
-2.6665]

0]

0] 1 0]
-9.9996] [27.9980]
9.9998] [-0.9997]

= oy —x) D /
] ]

= z(p—2z)—y 0]

= xy— [z

0]
0]
0]

0]
0]
0]

0]
0]

0]
0]

'yzzzz'
‘gzzzz'

| |
[ [
[ [
L [
[ [
[ 0] [ 1.0000]
| |
[ [
[ [
[ [
[ [

Sparse Coefficients of Dynamics
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II. Sparse Regression to Solve for Active Terms in the Dynamics
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Fig. 1. Schematic of the SINDy algorithm, demonstrated on the Lorenz equations. Data are collected from the system, including a time history of the states X
and derivatives X: the assumption of having X is relaxed later. Next, a library of nonlinear functions of the states, ®(X), is constructed. This nonlinear feature
library is used to find the fewest terms needed to satisfy X= @(X)E. The few entries in the vectors of E, solved for by sparse regression, denote the relevant
terms in the right-hand side of the dynamics. Parameter values are 6=10,§=8/3,p=28, [x[;.,].r[;.,z[,::nr = B,?,E?}T. The trajectory on the Lorenz attractor is
colored by the adaptive time step required, with red indicating a smaller time step.

Results: recovering the governing equations

d  Applying SINDy with constraints [(1) restrictions on the number of diffusive
terms, (2) the incompressibility condition Eq.3, (3) vector constraints and
(4) symmetries between equations] and mixed integer optimisation [6] can
robustly identify the governing equations (1) and (2) up to Re = 10%°,
Further, applying SINDy with open fitting to all 104 possible terms and careful
choice of the machine learning parameters, can also recover the correct for
of the governing equations (1) and (2), e.g.:-

Ra: 10°. Nx, Nz = 1024, 384. Region x:0-1024,

Div, = 48, Div, = 10, Div, = 8. 300 subdomains

0.00100444 d?u,/dz? + -0.99935490 dp/dx + 0.00100053 d?u,/dx?

+ -1.00004133 u,.du,/dx + -0.99925958 u,.du,/dz

1.00019949 © + -1.00018970 dp/dz + 0.00099925 d?u,/dz?
+ 0.00099939 d?u,/dx®> + -1.00041868 u,.du,/dx
+ -1.00002371 u,.du,/dz

0.00100235 d?6/dz? + 0.00099991 d26/dx>
+ -1.00104125 u,.d6/dx + -0.99960692 u,.do/dz

It should be noted that this open fitting is extremely sensitive to the data
selection, the random initialisation and the size and number of
subdomains, leading to difficulties in ensuring a converged machine-
learning process.
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Next step: turbulent transport terms -
 Using integrated fluxes derived from the data )
for the mean and fluctuating components of

the Garaud et al. method (i.e. temperature

©(z), x-velocity u, (z), z-velocity, 4, (z),

R(z) (= 2R;) fori=1,2, R;(z) forij=1,2,

F (2);1=1,2, Q(z)), we will apply the

converged machine learning method for
obtaining the governing equations to

recovering values for the Garaud coefficients -~
and examining variations across the flow.
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